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Summary

This work contributes to the analysis of linear geometric polygon
transformations with the aim to force a desired shape by an iterative
procedure.
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1 Introduction

For several decades the finite element method is state-of-the-art when it
comes to numerical simulations in various engineering fields. Hereby, the
discretization of the continuous problem of solving partial differential equa-
tions takes places on two sides. On the one hand, the week formulation
considering an infinite dimensional space of trial functions is replaced by a
finite dimensional space consisting of polygonal trial functions. On the other
hand, also the domain of the partial differential equation is discretized by a
polygonal mesh. In practice it turned out that the latter point is the most
time consuming step in a numerical simulation. The convergence and er-
ror properties of the numerical approximation of the continuous problem is
strictly connected to the finite element mesh quality. Therefore, a huge ef-
fort is being done in order to derive efficient mesh generation and smoothing
methods. One direction is the geometric element transformation methods
that improved the mesh quality by an iterative application of a geometric
transformation to the elements of the mesh [10, 18, 15, 20, 12]. See also
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[17, 16, 19, 14, 11, 13, 4, 7, 5, 6, 9, 8, 3, 2, 1] for the analysis of various
aspects of geometric polygon transformations. In line of this research the
current work is extending the topic to anisotropic limit polygons, as the
aim of the previous work is to generate meshes with as regular as possible
elements.

2 Linear polygon-transformation with variations along
different edges

For a polygon P ∈ Cn and a vector w ∈ Cn we define the following transfor-
mation

P = (z1, . . . , zn)> 7→M P,

where the transition matrix M is defined as follows:

M =


1− w1 w1 0 · · ·

0 1− w2 w2
...

...
. . . . . .

...
wn · · · 0 1− wn

 (1)

This transformation maps a vertex zi to a point that is constructed as follows.
Consider the line that is orthogonal to the line connecting zi and zi+1, whose
intersection point with that line has a distance of <(wi) |zi+1 − zi| from zi,
where a negative distance value represents a point on opposite side of zi+1.
Further, we construct a line through zi whose angle with the line between zi
and zi+1 is the same as the angle of wi, which equals arctan

(
=(wi)
<(wi)

)
. The

point zi is mapped on the intersection point of these two lines, which happens
to be zi + wi(zi+1 − zi). This is a generalization of the λ-θ transformation
for not only λ ∈ (0, 1) and θ ∈ [0, π2 ], but also for λ ∈ R and θ ∈ [0, 2π].
The key for the investigation of the limit behavior of the sequence MnP are
the eigenvalues and -vectors of the matrix M . As the eigenvectors of M and
M − I are the same and the eigenvalues of M − I are given by µk− 1, where
µk are eigenvalues of M , we investigate the matrix M − I. Therefore, we
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compute the characteristic polynom of M − I, which is given by

p(x) = det (xI − (M − I)) = det


x+ w1 −w1 0 · · ·

0 x+ w2 −w2
...

...
. . . . . .

...
−wn · · · 0 x+ wn


=

n∏
i=1

(x+ wi) + (−1)n−1
n∏
i=1

(−wi)

=
n∏
i=1

(x+ wi)−
n∏
i=1

wi

There are two cases:

1. When one of the complex number wi equals zero, we can easily compute
the eigenvalues of M − I, as we have

p(x) = x
n∏
i=2

(x+ wi) ,

where we w.l.o.g. have assumed that w1 = 0 holds. Hence, the eigen-
values ofM are given by µi = 1−wi. The eigenvector corresponding to

µk is given by vk = (0, 1, w2−wk
w2

, w2−wk
w2

w3−wk
w3

, . . . ,
k−1∏
j=2

wj−wk

wj
, 0, . . .)>.

This can be verified by

M vk =



w1

1− w2 + w2
w2−wk
w2

(1− w3)
w2−wk
w2

+ w3
w2−wk
w2

w3−wk
w3

...

(1− wi)
i−1∏
j=2

wj−wk

wj
+ wi

i∏
j=2

wj−wk

wj

...


=



0
1− wk

(1− wk)w2−wk
w2

...

(1− wk)
i−1∏
j=2

wj−wk

wj

...


Note also that from the equation (M − I)v = −wkv, we can conclude

−wivi + wivi+1 = −wkvi for i = 1, . . . , n,

which is equivalent to

vi+1 =
wi − wk
wi

vi for i = 1, . . . , n

for all i such that wi 6= 0.
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Note that the transformation described above is translation and scale
invariant. Hence, we can transform each desired polygon w.l.o.g. such
that v1 = 0 and it follows that w1 = 0, which means that we can
compute the eigenvalues exactly.

2. The case, where wi 6= 0 for all i = 1, . . . , n is more involved and still
an open question up to now.

3 Constructing weights for an arbitrary limit poly-
gon

In this section we analyse the inverse problem. Given a desired limit polygon
v ∈ Cn we want to construct weights wi (i = 1, . . . , n), such that the sequence
z(k) := Mkz(0) converges to v as n tends to infinity, where M is given by
(1).
This is the case, when v is an eigenvector of the matrix M and the corre-
sponding eigenvalue has an absolute value larger than all other eigenvalues.
Here, we can ignore the eigenvalue for the eigenvector (1, . . . , 1)>, as the cor-
responding n-gon is the pointed polygon, which has no effect on the shape.
Assume that v ∈ C is given and define the auxiliary weights w̃i = vi

vi+1−vi .
Then, v is an eigenvector with eigenvalue 2 of the corresponding transfor-
mation matrix M̃ . This follows by

(M̃v)i = (1− w̃i)vi + w̃ivi+1

=

(
1− vi

vi+1 − vi

)
vi +

vi
vi+1 − vi

vi+1

= vi −
vi

vi+1 − vi
vi +

vi
vi+1 − vi

vi+1

= 2vi.

Let us denote by 1 + µi (i = 1, . . . , n − 1) the remaining eigenvalues of M̃ ,
where we have w.l.o.g. µ1 = 1, as we have M̂(1, . . . , 1)> = (1, . . . , 1)>. It is
in general not true that we have |1 + µi| < 2 for all i = 2, . . . , n− 1. Hence,
we use transformed weights wi := λw̃i for a complex number λ ∈ C. Observe
that the corresponding matrix M has the same eigenvectors as M̃ and but
the eigenvalues are given by µ1 = 1, 1+λµ2, . . ., 1+λµn−1, and 1+λ, where
λ is the eigenvalue to the eigenvector v, which is the desired n-gon. Our aim
is now to find a λ such that we have

|1 + λ| > |1 + λµi| for all i = 2, . . . , n− 1

Therefore, we have the following theorem.

Theorem 1. Let µ be a complex number. The set Λµ of all complex numbers
λ ∈ C such that

|1 + λ|2 > |1 + λµ|2
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holds is given by

• Case 1: (|µ| < 1) the exterior of the circle with radius ω and midpoint ω,
where we have ω = 1−µ

|µ|2−1 , i.e.

Λµ = {λ ∈ C : |λ− ω| > |ω|},

• Case 2: (|µ| = 1) an open half plane of all complex number, whose angle to
the point µ− 1 is less than 90◦, i.e.

Λµ =
{
λ ∈ C : ]λ ∈

(
](µ− 1)− π

2
,](µ− 1) +

π

2

)}
,

• Case 3: (|µ| > 1) the interior of the circle with radius ω and midpoint ω,
where we have ω = 1−µ

|µ|2−1 , i.e.

Λµ = {λ ∈ C : |λ− ω| < |ω|}.

Proof. Algebraic manipulations.

Theorem 2. Let µi be defined as above. Assume that the set
⋂n−1
i=2 Λµi is

not empty. Then, there exist weights wi such that v is the limit polygon of
the transformation matrix M .

Proof. Choose λ ∈
⋂n−1
i=2 Λµi and define the weights as above. Then, we have

|1 + λ| > |1 + λµi| for all i = 2, . . . , n − 1. This has the statement of the
theorem as a consequence.

3.1 Triangles (n = 3)

For transformations on triangles (n = 3) the intersection in Theorem 2 is
trivially non-empty as there is only one competing eigenvalue. Consequently,
there exist weights such that any triangle is the limit of the polygon sequence
Mkz(0) regardless the initial triangle z(0). In particular, we can choose λ =
−µ−12 and transform the only competing eigenvalue to zero. This means that
any initial triangle is transformed in exactly one step to the desired triangle.
Hence, we have the following algorithm:

1. Choose arbitrary v ∈ C3.

2. Compute temporary transformation weight w̃i = vi
vi+1−vi .

3. Compute the third eigenvalue ofM−I, which is given by µ =
3∑
i=1

w̃iw̃i+1.

The other two eigenvalues are 0 and 1.

4. Compute scaled weights wi = −w̃i µ−1.
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3.2 Quadrangles (n = 4)

In this subsection we concentrate on quadrangles. Here, we have two com-
peting eigenvalues which we denote by µ2 and µ3. We have to analyze
the possibility that the intersection Λµ2 ∩ Λµ2 is empty. This can happen
for example if we have case 3 in Theorem 1 for both eigenvalues and the
line between ω2 = 1−µ2

|µ2|2−1 and ω3 = 1−µ3
|µ3|2−1 covers the origin z = 0, e.g.

ω2 = −ω3. In this situation the corresponding circles do not intersect. The
same can happen for half planes in case 2.

Remark 1. It is up to now an open question whether there are quadrangles
v ∈ C4 such that these cases occur and the intersection is empty. In this case
we have proven that there exist no weights wi such that v is the limit of the
polygon sequence.

Assuming that the intersection is non-empty we can choose λ in the following
way:

Case: λ

|µ2| < 1 ∧ |µ3| < 1 2 (ω2 + ω3)

|µ2| < 1 ∧ |µ3| = 1 3 |ω2| (µ2 − 1)

|µ2| < 1 ∧ |µ3| > 1 ω2 + ω3−ω2
|ω3−ω2|

|ω3−ω2|+|ω3|+|ω2|
2

|µ2| = 1 ∧ |µ3| < 1 3 |ω2| (µ3 − 1)

|µ2| = 1 ∧ |µ3| = 1 µ2 − 1 + µ3 − 1

|µ2| = 1 ∧ |µ3| > 1 ω2 + µ2−1
|µ2−1|

x+x+|ω2|
2

|µ2| > 1 ∧ |µ3| < 1 ω2 + ω3−ω2
|ω3−ω2|

|ω3−ω2|+|ω3|+|ω2|
2

|µ2| > 1 ∧ |µ3| = 1 ω2 + µ3−1
|µ3−1|

x+x+|ω2|
2

|µ2| > 1 ∧ |µ3| > 1 ω2 + (ω3−ω2)
|ω3−ω2|

|ω2|+|ω3−ω2|−|ω3|
2

where x is given by the distance of ω2 and the line through the origin which
is orthogonal to the vector µ2 − 1.

4 Discussion

This work extends the idea of geometric polygon transformations to regu-
larize finite element meshes beyond regular elements. In use cases where
anisotropy inside a mesh is desired, alternative transformations can be used
to force finite elements to obtain a certain anisotropy. As previously shown
this is always possible for triangles and mostly also for quadrangles.
A further approach can be to temporarily change the metric for the GETMe
algorithm such that it regularizes the elements of the mesh with respect to
a metric that induces an anisotropy as desired.
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